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In the paper ill-posed Cauchy-Dirichlet problem is considered for the Poisson equation.
The problem is reduced to the optimal control problem and regularized. Optimization methods
are applied to the solution of the obtained problem.
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1. Introduction

It is known that Cauchy-Dirichlet problem for the elliptic equations, particularly,
for the Poisson equation is an ill-posed problem (see [1], [2]). Necessity of investiga-
tion of the ill-posed problems of mathematical physics and their well-posed formu-
lation was first noted by A.N.Tikhonov in 1943. It was stimulated by the fact that
some physical processes mathematically are described by such problems. Systematical
investigation of these problems began in the 50s of the last century, and various
methods were applied to their solution.

In [3] optimal control methods are applied to the solution of the ill-posed Cauchy-
Dirichlet problem for the Poisson equation. However, the form of the introduced there
functional leads to essential complication of the adjoint boundary problem. Here, we
consider the same problem and introduce a more natural functional. As a result, the
adjoint problem takes a rather simple form. Also, we note and avoid some incur-
rectness in the formulas obtained in [3].

Note that the interest to the investigation of this problem is encouraged with the
strong relations of the Poisson equation with several applications such as, for instance,
problems of electrostatics, mathematical engineering, and theoretical physics.

2. Problem Statement
Inthe domain Q = {(x, t):0<x<rm, -1<t< 1} the following boundary problem is considered
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It is supposed that eU,, where U, is a convex closed set from L, (0, )

that includes 0 and

0
f eL,(Q) o, eWzl(Ov”)’ ¢, € L,(0, 7). 4)
It is known [4], [5] that this is ill-posed in L, (Q) problem.
In [3] the following problem is introduced in correspondence to the problem (1)-(3):
To minimize on U, the functional

1(v) :T[at‘%‘)’(‘l)—gag,(x)} dx (5)
subject to i
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where veU, c L, (0, ) isa control function. However, as will be shown below it is natu-
ral to consider the following optimal control problem in correspondence to the problem (1)-(3):
To minimize on U the functional

W) = [[u0x, -1 - g, (OF %, @
subject to i
o%u  otu
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t=1
As is known in the optimal control theory (7), (1), (2), (6) is also ill-posed problem [4], [8].
Note that if f € L,(Q), @, €L,(0,7),veL,(0,7), then the boundary

problem (1), (2), (6) has the unique solution from W, (Q) [6].

3. Regularization of the optimal control problem
As is known one of the effective tools to the solution of the ill-posed problems is the re-

gularization method [2], [7]. In our case the functional « j |V(x)|2dx, (a > 0) may be ta-
0
ken as a stabilizer. Thus instead of (7) we can consider the minimization of the functional
3, () = IW)+a [V dx = [[ux,—=1) - o, () dx+ e [Jv()] " dx 8)
0 0 0

in the class U , within (1), (2), (6).
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Let u(x,t;v) be a solution of the problem (1), (2), (6) corresponding to the
given controlv e U ., and u(Xx,t;V)-solution of this problem by v(x) = 0.
Let’s introduce the denotations

a(v,,v,) = j[u(x, ~1,v,) —u(x=1; 0)]u(x,~Lv,) —u(x,~L0]dx + Of_TVl (X)V, (x) dx,

L(v) = ]f.[% (X) —u(x,-10)][u(x,~L v) —u(x,~1;0]dx,

where a(v,,V,) indeed is a bilinear continuous form onU,, L(V)-linear functional
onU, . Considering these denotations the functional (8) may be rewritten as

J,,(v) = a(v,v)—2L(v) —]E[u(x,l; 0) — g, (x)[ dx.

Since a(v,,V,) is a bilinear continuous symmetric form that satisfies to the condition

a(v,v) 2 cv|’, c=const>0,
considering the well known theorem from [8] the following theorem holds true
Theorem 1. For the optimal control problem (8), (10, (2), (6) there exists the unique
element v € U ,such that

J, (V)= inUf J, (V).
3. The condition of optimality )

On the basis of the theorem from [8] may be easily proved the following optimality
condition for the problem (8), (1), (2), (6).

Theorem 2. In order to V €U, be an optimal control for the problem (8), (1), (2), (6)
it is necessary and sufficient satisfying of the inequality
<J,WV)v-v>2>20 VveU,,

i.e.

[lu06=27) = 0, (0, (6~ LT)V(X) - 70 Jix+ [T OO T (0 2 0 wveU,, (9)

0 0
where J,, means Gateaux derivative of the functional J, with respectto v; <, ;, >
- scalar product in the space L,(0,7); u,(X,t;V) is a derivative of the solution of the

problem (1), (2), (6) with respectto v.
Let’s transform the inequality (9). For this purpose linear boundary problem
(1), (2), (6) write in the operator form

Au=F ={f,p,v},
with linear operator A:W, (Q) — L,(Q) x L, (0, 7) x L,(0, 7).
Then solution u(X,t;V) of this operator equation may be written as
u(x,t;v) = A*F

considering existence of A™ (see [6], [9] ). Taking derivative of this solution on the
direction v—V one may obtain
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u, (%, V) [v-v]=u(x,t;v) —u(xt;v).
Then the inequality (9) takes a form

Vs Vs

j[u(x,—l; V) =0, () Ju(x, -1 v) - u(x, - L) Jdx + ajv(x)[v(x) ~V(X)Jdx>0 WeU,. (10)

0 0
Let’s introduce the following adjoint boundary problem

2
aat‘f Z -0, (xt)eQ, (11)
w(0,t) =w(7,t)=0, te(-11), (12)
0 "t _ 0 Nl
%Fl =U(X,~LV)—g,(x), %tl =0, xe(0,7). (13)

Note that the problem (11)-(13) has the unique solution from W, (Q) [6].
Let’s transform the first term of the inequality (10) using this boundary problem. If to
define U (x,t) = u(x,t;v) —u(x,t;V), then it is clear that

”F“ i} (x,t:7) dxdlt =

From this integrating by parts and using the conditions (2), (6), (12), (13) one may get

j | {— + %} (x,t; V)dxdt = j[v(x) —V(X) ]y (xL;7)dx +
(14)
+ j [u(x,~Lv) —u(x,~L V)]w dx = 0.
Applying0(13) from (14) may be obtained

T

T[u (X =LV) = @, 0O ][u (x,=L; v) —u (x,~1L;V)]dx = —jyx(x,l; VX)) -v(x)dx.  (15)

0
It follows from the relations (10) and (15) that

j [y (xL7) + a V()] [v(X) -V ()]dx >0 wveU,. (16)
0
Thus we obtain a condition of optimality in the form of the following theorem

Theorem 3. In order to the element V(X) € U, be an optimal control for the problem

(8), (1), (2), (6), it is necessary and sufficient that this element satisfy to the boundary
problems (1), (2), (6) and (11)-(13) and variational inequality (16).

4. Application of the Fourier method
Let’s seek the solutions of the boundary problems (1), (2), (6) and (11)-(13) in the form

u(x,t) = ZU Oz (), wxt)= Zwk(t)lk(x)

where

7. (X) = \/73|nkx A =—k? k=12,. 17)
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are the systems of orthonormal eigenfunctions and eigenvalues of the spectral problem
2" (%) =Ax(x), x(0) = x(7) =

andu, (t), v, (t) - sought functions.

From (1), (2), (6); (11)-(13) and (16) correspondingly is obtained

{U‘k(t)—kzuk(t): fk(t)_, te(-11), )
u, (-1 =gy, U@ =V, k=12,.,

{w_'k(t)—kzwk(tho, te(-1) 19)
Vi (D) =u (=D - o, ¥, (D=0, k=12,..,

v @+ v -%]>0, Vy,, k=12... (20)
Here f,(t), o, @0, Vi» Vv, K=12,... are Fourier coefficients of the functions
f(x,t), 9, (X), @, (X), V(X),V(X), correspondingly over the system (17).
The solutions of the boundary problems (18) and (19) are represented in the form

_ chk(t+1 chk(@-1) _
U (©) =¥ = ;Zk ) TP ﬁle )+£Gk(t;r)fk(r)df’ )
Uy (1) — @,
1) = ~ U ED T Poc gt *
?.(0 ehzk e -
where
_ohk@-ojohk@+t) g
~ ksh2k o
G )=, chk (- 7)chk (1 +t)
L shk(t—r7)— teledl
” ksh2k

is a Green function for the problem (18).
From (21), (22) and (20) it is easy to get

th2k
0 (D=, jG(lr)f(r)dr
U, (=1) — ¢y
—p @ =2 DT
[u, (<2) — @, +aksh2k v, ][v, =¥V, ]>0 Wv,. (23)

The condition (23) may be transformed as
1

[- 0, Sk +vk[k hle +aksh2kj-¢ok +[6,(-17) fk(r)dr]-(vk 0)20 W, (23)
S

k -1

Now let’s consider the case, whenU , = L, (0, 7). Then from (23') is obtained

cth2k

Vi = B {¢Ok TO——— IG (-L7)f (z)d T} (24)

where
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_ 1+ak?sh?2k

Pie ksh2k
Thus, we find optimal values of the Fourier coefficients V, of the functionV(x) . Then

by &« —> 0 from (21) (24) is obtained
U (t) = Iirr(l)uk(t) = @ Chk (t +1) +

, k=12,....

Du _ Y
+ksh2k[ch2kchk(t+1) chk(@1-1)] (25)
— chk(t +1)ij (-L7) f (r)d7 + jek(t;r) f (r)dr,

1
Vio = MV, = oy, ksh2k + g, ch2k —ksh2k [ G, (<L 7) f (r)dz.  (26)
-1

Moreover, the solutions u, (t) found by the formula (21) corresponding to the optimal
Fourier coefficients V,, k =1,2,... found by the formula (24) must satisfy to the limit
relations IirT(}uk(—l):(pOk that really holds and it is consistent with condition

u(x,—1) = ¢, (x) from (3). Thus the exact solution of the problem (7), (1), (2), (6) is
presented by the formula
V(x) = i%sth{k(pok + ¢, cth2k — ijk (-L7)f, (7)d r}sin kx. (27)
And the solu:i:oln of the initial problem (1)-(3) ;rlldeed has a form
uxt) =3 3{%kchk(t #1722 [oh2kc-chi{t +1)- k(L))

k=1 7T

ohk(t +1)] G, (-1)f, (e)dr + [ G, ()1, (e)de fsinkx

-1 -1

Note. It should be noted that the Green function constructed in [3] is not correct. It
may be easily verified by checking out of the jump condition of this function at the
point t = 7. Consequently, the formula for the exact solution optimization problem
and general solution of the initial problem is not correct.

5. Conclusion
In spite of the main formulas obtained in [3] need to be corrected, the conclusion
given there generally is true. Really, the Fourier coefficients of the function v(x) and
consequently of the solution of the initial problem u(x,t) will infinitely increase if
they will not be compensated by more rapidly decreasing absolute values of the
Fourier coefficients ¢, ¢, and L,norm of f . The investigations discover the
nature of ill-posedness of the Cauchy-Dirichlet problem and regularization method

allows one to solve it approximately. It is well demonstrated by the example of
Hadamar.
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PUASSON TONLIYI UCUN QOYULMUS KOSi-DIRIXLE MOSOLOSININ HOLLINO
OPTIMALLASDIRMA USULLARININ TOTBIiQi

H.F.QULIYEV, Y.S.QASIMOV, S.M.ZEYNALLI
XULASO
Isdo Puasson tonliyi iigiin qoyulmus qeyri-korrekt Kosi-Dirixle moasalosine baxilir.
Masalo optimal idarsetmo masalasine gatirilir va requlyarlagdirilir. Alinmig masslonin hallins
optimallagdirma tsullar1 tatbig olunur.
Acar sozlar: geyri-korrekt mosalo, Kosi-Dirixle mosalosi, optimal idarsetms, Puasson
tonliyi.
NPUMEHEHHWE METOJA0OB OITUMUN3ALINU K PEHIEHUTIO
3AJJAYA KOIIN-TUPUXJIE OJI5S1 YPABHEHUS TYACCOHA
I.®.I'YJHEB, I0.C.TACBIMOB, C.M.3EMHAJLJIBI
PE3IOME
B paGore paccmarpuBaeTcs HEKOppeKTHas 3agada Komm-Jlupuxie i ypaBHEHHs
IMyaccona. 3agada NPUBOAUTCS K 3a[a49€ ONTUMAIBHOTO YIIPABICHHS U peryispusyercs. s
peLIeHH s MOTYYSHHO 3a1a4i MPUMEHSIOTCS METO/IbI ONITHMH3ALIHH.
KnroueBble ciioBa: HEKOppeKTHas 3ama4a, 3amada Komm-J{upuxie, onTuMansHOe yii-

paBienue, ypasHenue Ilyaccona.
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